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Abstract
We investigate a locally scale-invariant (that is, Weyl-invariant) theory which de-
scribes the coupling of gravity and the standard model from the viewpont of the Higgs
mechanism and inflation. It is shown that this theory exhibits a peculiar feature of a
coupling between the gauge field and the inflaton in a large field limit whereas it nicely
describes the standard model coupled to general relativity in a small field limit. More-
over, we discuss a possibility that this Weyl invariant theory could explain the recent
BICEP2 measurement by deforming the potential term in an appropriate way, and find
it to be difficult to do that even if we introduce a non-analytical type of the potential.
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1 Introduction
In attempting to construct a theory beyond the standard model and a theory of inflation
[1, 2], it is desirable for us to be guided by some fundamental principles and symmetries such
as the equivalence principle and the general coordinate invariance in general relativity. As
one of such fundamental symmetries, we often encounter a scale or conformal symmetry in
particle physics and cosmology.
For instance, on the microscopic scale of particle physics, it is well known that the standard
model has a global scale symmetry if the (negative) Higgs mass term is neglected. This fact
might suggest that the underlying symmetry behind the standard model would be a global or
local scale symmetry and the Higgs mass term could emerge as the result of the spontaneous
symmetry breakdown of the scale symmetry [3]. In addition, even in cosmology, the scale
symmetry plays a critical role. For instance, the cosmic mocrowave background radiation has
almost scale-invariant fluctuations [4] so it seems to be natural at least for the present authors
to conjecture that the universe was controlled by the scale symmetry around the beginning of
its creation. Together with these two examples from particle physics and cosmology, it seems
to be of interest to pursue an idea such that a theory beyond the standard model is not only
scale-invariant but also couples to a scale-invariant gravity in order to account for inflation
scenario.
The inflaton is a unknown scalar field which triggers the inflationary expansion and must
be very weakly interacting in order to explain the observed isotropy of the microwave back-
ground radiation. A natural question to be asked frequently is whether the inflaton could be
identified with recently discovered Higgs particle [5, 6]. The recent revival of interest to this
idea, dubbed Higgs inflation, is based on the observation that when the simple chaotic infla-
tion with the potential λφ4 is combined with the non-minimal gravitational coupling ξφ2R
in the Jordan frame, the inflation model can explain the observational data if λ = O(1) and
ξ ≈ 105 [7].
The non-minimal gravitational coupling ξφ2R is invariant under a global scale transfor-
mation [8, 9, 10], so there might exist a possibility of generalizing the Higgs inflation to a
locally scale-invariant gravitational theory. Indeed, in recent years, a locally scale-invariant
class of inflation models has been established and discussed from various viewpoints in [11]-
[18], but a detailed analysis has not yet done for the standard model embeded in a locally
scale-invariant gravity. In this article, we construct a theory of the standard model coupled
to the Weyl-invariant gravity. In particular, we discuss the Higgs mechanism in this theory
and explore the question of whether this theory could explain the recent remarkable results
of the BICEP2 [19].
The structure of this article is the following: In Section 2, we present a simple model
which accomodates a local scale symmetry and the abelian gauge symmetry and explain
the formalism in the Einstein gauge and the Jordan gauge. In Section 3, we comment on
an SO(1, 1) accidental symmetry and a shift symmetry. In Section 4, we discuss the Higgs
mechanism and derive the value of mass of the gauge field. In Section 5, the abelian gauge
model constructed in Section 2 is generalized to a model with the non-abelian gauge field.
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In Section 6, we argue inflation derived from the abelian gauge model and show that it is
difficult to account for the BICEP2 results. We conclude in Section 7.
2 An abelian gauge model
Let us start with an abelian model where a U(1) gauge field Aµ couples to a Weyl-invariant
gravity of two scalar fields, one of which, φ, is real while the other, H which is nothing but
the Higgs doublet field, is complex. In this article, we will ignore fermions completely since
their existence does not change our conclusion at all.
With a background curved metric gµν , the Lagrangian takes the form
3:
1√−gL =
1
12
(
φ2 − 2|H|2
)
R +
1
2
gµν∂µφ∂νφ− gµν(DµH)†(DνH)
− 1
4
gµνgρσFµρFνσ − V (φ,H), (1)
where φ is a ghost, but this is not a problem because it can be removed by fixing the Weyl sym-
metry. The covariant derivative and field strength in the abelian gauge group are respectively
defined as
DµH = (∂µ + igAµ)H, (DµH)
† = H†(
←−
∂ µ − igAµ), Fµν = ∂µAν − ∂νAµ, (2)
with g being a U(1) real coupling constant. (We use the same alphabet ”g” to denote the
gauge coupling and the determinant of the metric tensor, but the difference would be obvious
since the latter always appears in the form of
√−g.)
The Lagrangian (1) is invariant under a local scale transformation (or Weyl transforma-
tion). In fact, with a local parameter Ω(x) the Weyl transformation is defined as
gµν → g˜µν = Ω2(x)gµν , gµν → g˜µν = Ω−2(x)gµν ,
φ → φ˜ = Ω−1(x)φ, H → H˜ = Ω−1(x)H, Aµ → A˜µ = Aµ. (3)
Actually, it is straightforward to prove the Weyl invariance of L when we use the formulae√−g = Ω−4√−g˜ and
R = Ω2(R˜ + 6✷˜f − 6g˜µν∂µf∂νf), (4)
3We follow notation and conventions by Misner et al.’s textbook [20], for instance, the flat Minkowski
metric ηµν = diag(−,+,+,+), the Riemann curvature tensor Rµ ναβ = ∂αΓµνβ − ∂βΓµνα + ΓµσαΓσνβ − ΓµσβΓσνα,
and the Ricci tensor Rµν = R
α
µαν . The reduced Planck mass is defined as Mp =
√
ch¯
8piG
= 2.4 × 1018GeV .
Through this article, we adopt the reduced Planck units where we set c = h¯ = Mp = 1. In this units,
all quantities become dimensionless. Finally, note that in the reduced Planck units, the Einstein-Hilbert
Lagrangian density takes the form LEH = 12
√−gR.
2
with being defined as f = logΩ and ✷˜f = 1√−g˜∂µ(
√−g˜g˜µν∂νf) = g˜µν∇˜µ∇˜νf .
As a gauge condition for the Weyl symmetry, two gauge conditions, those are, the Einstein
gauge (E-gauge) and the Jordan gauge (J-gauge), are usually taken in [11]-[14]. First, we shall
take the Einstein gauge and investigate its implication.
With the unitary gaugeH(x) = 1√
2
eiαθ(x)(0, h(x))T where α, θ(x) and h(x) are respectively
a real number, the Nambu-Goldstone boson and the physical Higgs field, the Einstein gauge
(E-gauge) is of the form
φ2 − 2|H|2 = φ2 − h2 = 6. (5)
This SO(1, 1) invariant gauge choice can be parametrized in terms of a canonically normalized
real scalar field ϕ as
φ =
√
6 cosh
ϕ√
6
, h =
√
6 sinh
ϕ√
6
. (6)
With the E-gauge (and the unitary gauge), the Lagrangian (1) can be rewritten as
1√−gL =
1
2
R − 1
2
gµν∂µϕ∂νϕ− 3g2gµνBµBν sinh2 ϕ√
6
− 1
4
gµνgρσFµρFνσ − V (ϕ), (7)
where V (ϕ) is the potential term V (φ,H) substituted by Eq. (6). And we have defined a
new gauge field Bµ as Bµ = Aµ +
α
g
∂µθ and consequently the gauge strength is now given by
Fµν ≡ ∂µAν−∂νAµ = ∂µBν−∂νBµ. Note that the third term in the RHS of Eq. (7) is written
as 1
2
g2gµνBµBνh
2 which corresponds to the mass term of the gauge field in the conventional
formulation when the spontaneous symmetry breakdown (SSB) happens. In other words, the
gauge field Aµ eats the Nambu-Goldstone boson θ, thereby becoming massive after the SSB.
However, it is not h but ϕ that one now regards as a fundamental field, so the interpretation
of the third term as the Higgs mass term is not suitable within the present framework.
Next, let us take the Jordan gauge (J-gauge) instead of the E-gauge. With the J-gauge
φ =
√
6, the Lagrangian (1) is reduced to
1√−gL =
1
2
(
1− |H|
2
3
)
R− gµν(DµH)†(DνH)− 1
4
gµνgρσFµρFνσ − V (H), (8)
where V (H) ≡ V (φ = √6, H). In order to show the equivalence of the Lagrangian in between
the E-gauge and the J-gauge, one can make use of a scale transformation in Eq. (3) by putting
Ω = 1− |H|
2
3
= 1− h
2
6
, (9)
where the unitary gauge is used in the second equality. After a straightforward calculation,
we obtain the following Lagrangian:
1√−gL =
1
2
R− 1
2Ω4
gµν∂µh∂νh− 1
2Ω2
g2gµνBµBνh
2
− 1
4
gµνgρσFµρFνσ − Ω−4V (H), (10)
3
where we have omitted to write tildes on fields denoting the transformed fields for simplicity of
the presentation. Moreover, introducing h′ = 1
h
and then defining the canonically normalized
scalar field ϕ in terms of a differential equation
dϕ
dh′
=
1
h′2 − 1
6
, (11)
which is simply solved to
h′ ≡ 1
h
=
1√
6 tanh ϕ√
6
, (12)
the Lagrangian (10) can be cast to
1√−gL =
1
2
R − 1
2
gµν∂µϕ∂νϕ− 3g2gµνBµBν sinh2 ϕ√
6
− 1
4
gµνgρσFµρFνσ − Ω−4V (H). (13)
Finally, to complete the proof of equivalence, we must specify the form of the potential
V (φ,H). As the most general quadratic expression which preserves the Weyl invariance and
reduces to the Higgs potential in the low energy, let us consider the following potential:
V (φ,H) =
λ
36
F (z)
[
2|H|2 −G(z)φ2
]2
, (14)
where z is a gauge-invariant quantity defined as
z ≡
√
2|H|2
φ
=
h
φ
= tanh
ϕ√
6
, (15)
where at the last equality, the J-gauge and Eq. (12) are used.
In the E-gauge, the potential term is written as
V (ϕ) = λF (z)
[
sinh2
ϕ√
6
−G(z) cosh2 ϕ√
6
]2
, (16)
where z = tanh ϕ√
6
. On the other hand, the potential in the J-gauge takes the form
Ω−4V (H) = cosh4
ϕ√
6
· λ
36
F (z)
[
6 tanh2
ϕ√
6
− 6G(z)
]2
= λF (z)
[
sinh2
ϕ√
6
−G(z) cosh2 ϕ√
6
]2
, (17)
which is equivalent to the potential (16) in the E-gauge, so we have completed the proof of
the equivalence of the Lagrangian in both the gauge conditions.
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3 SO(1,1) accidental symmetry and shift symmetry
For explanation of a relation between an SO(1, 1) global symmetry and a shift symmetry, let
us consider the simplest SO(1, 1) invariant potential
V0(φ,H) =
λ
36
(
2|H|2 − φ2
)2
=
λ
36
(
h2 − φ2
)2
. (18)
Moreover, we switch off the gauge field, Aµ = 0. Then, in the unitary gauge, the Lagrangian
(1) is of form
1√−gL =
1
12
(
φ2 − h2
)
R +
1
2
gµν∂µφ∂νφ− 1
2
gµν∂µh∂νh− V0(φ,H). (19)
It is obvious that there is a global SO(1, 1) symmetry in this Lagrangian. Namely, the
Lagrangian (19) is invariant under the global SO(1, 1) transformation (ϕ0 is a constant pa-
rameter)

 φ′
h′

 =

 cosh ϕ0√6 sinh ϕ0√6
sinh ϕ0√
6
cosh ϕ0√
6



 φ
h

 . (20)
Using the parametrization (6) in the E-gauge which respects the SO(1, 1) symmetry, this
SO(1, 1) transformation can be written as

 φ′
h′

 ≡


√
6 cosh ϕ
′√
6√
6 sinh ϕ
′√
6

 =


√
6 cosh ϕ+ϕ0√
6√
6 sinh ϕ+ϕ0√
6

 , (21)
where we have used addition theorem of hyperbolic functions
sinh(α± β) = sinhα cosh β ± coshα sinh β,
cosh(α± β) = coshα cosh β ± sinhα sinh β. (22)
Eq. (21) clearly means that the SO(1, 1) transformation is nothing but a shift transformation
of ϕ in the E-gauge, that is,
ϕ→ ϕ′ = ϕ+ ϕ0. (23)
In inflation models, up to derivative terms, the potential term which is invariant under
the shift symmetry is known to be only a cosmological constant. Actually, the Lagrangian
(19) is written in the E-gauge as
1√−gL =
1
2
R− 1
2
gµν∂µϕ∂νϕ− λ. (24)
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From this observation, it turns out that the existence of the non-trivial potential term for
inflation demands that one needs to have the potential which is not invariant under the
SO(1, 1) transformation.
However, when we incorporate the gauge field in the Lagrangian as in the present formal-
ism, the situation completely changes, that is, the gauge field couples to only the Higgs field,
thereby breaking the SO(1, 1) symmetry explicitly. In this sense, the SO(1, 1) symmetry is
an ”accidental” symmetry which exists only in the gravitational sector. The accidental sym-
metry or custodial symmetry has some important consequences in the standard model and a
theory beyond standard model [21]. In the present theory, however, it is not clear how this
accidental symmetry leads to important consequences.
4 Higgs mechanism
In this section, we wish to take account of the Higgs mechanism in the formalism at hand.
For generality, let us consider the most general form of the potential, Eq. (14), in the Einstein
gauge.
If we impose boundary conditions on the functions F (z) and G(z) in a small field limit
lim
z→0
F (z) = 9, lim
z→0
G(z) =
v2
6
, (25)
the potential (14) takes the following form in the limit z → 0, or equivalently ϕ→ 0:
V ≃ λ
4
(ϕ2 − v2)2 ≃ λ
4
(h2 − v2)2, (26)
where we have used ϕ ≃ h for ϕ ≪ 1. This is the conventional Higgs potential, so when the
Higgs field takes the vacuum expectation value < h >= v, the gauge field Bµ has the mass
MB = gv as seen in Eq. (7). Note that φ ≃
√
6 for ϕ≪ 1, which implies that the dynamical
degree of freedom associated with φ naturally disappears and is fixed to be a definite value
of the J-gauge in a small field limit.
In a large field limit ϕ≫ 1, the term 3g2B2µ sinh2 ϕ√6 , giving rise to the mass of the gauge
field in a small field limit, loses a role as the mass term, and becomes an interaction term
between the gauge field Bµ and the inflaton ϕ. In fact, since for ϕ≫ 1, Eq. (6) gives us
φ ≃ h ≃
√
3
2
e
ϕ√
6 , (27)
we obtain
3g2B2µ sinh
2 ϕ√
6
=
1
2
g2B2µh
2 ≃ 3
4
g2B2µe
√
2
3
ϕ. (28)
This term gives rise to non-renormalizable interactions between the gauge field and the infla-
ton, and plays a role in the process of reheating [22].
6
5 The generalization to non-abelian gauge field
For completeness, let us extend the abelian gauge field to the non-abelian gauge field since
the standard model is constructed on the basis of the gauge group SU(3)C×SU(1)L×U(1)Y .
For clarity, we shall consider only the SU(2) gauge group since the generalization to a general
non-abelian gauge field is straightforward.
Let us start with the SU(2) generalization of the Lagrangian (1)
1√−gL =
1
12
(
φ2 − 2|H|2
)
R +
1
2
gµν∂µφ∂νφ− gµν(DµH)†(DνH)
− 1
4
gµνgρσF aµρF
a
νσ − V (φ,H), (29)
where a is an SU(2) index running over 1, 2, 3, and the covariant derivative and field strength
are respectively defined as
DµH = (∂µ − igτaAaµ)H, (DµH)† = H†(
←−
∂ µ + igτ
aAaµ),
F aµν = ∂µA
a
ν − ∂νAaµ + gεabcAbµAcν . (30)
Here g is an SU(2) coupling constant. Furthermore, the matrices τa are defined as half of the
Pauli ones, i.e., τa = 1
2
σa, so the following relations are satisfied:
{τa, τ b} = 1
2
δab, [τa, τ b] = iεabcτ c. (31)
In order to see the Higgs mechanism discussed in the previous section explicitly, it is
convenient to go to the unitary gauge. To do that, we first parametrize the Higgs doublet as
H(x) =
1√
2
U−1(x)

 0
h(x)

 , (32)
where a unitary matrix U(x) is defined as U(x) = e−iατ
aθa(x) with α and θa(x) being a real
number and the Nambu-Goldstone fields, respectively. Then, we will define new fields in the
unitary gauge by
Hu(x) = U(x)H(x) =
1√
2

 0
h(x)

 ,
τaBaµ = U(x)τ
aAaµU
−1(x)− i
g
∂µU(x)U
−1(x). (33)
Using these new fields, after an easy calculation, we find the following relations
DµH = U
−1(x)DµHu, F aµνF
aµν = F aµν(B)F
aµν(B), (34)
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where DµH
u and F aµν(B) are respectively defined as
DµH
u = (∂µ − igτaBaµ)Hu, F aµν(B) = ∂µBaν − ∂νBaµ + gεabcBbµBcν . (35)
Thus, with the unitary gauge, the Lagrangian (29) becomes
1√−gL =
1
12
(
φ2 − 2|Hu|2
)
R +
1
2
gµν∂µφ∂νφ− gµν(DµHu)†(DνHu)
− 1
4
gµνgρσF aµρ(B)F
a
νσ(B)− V (φ, U−1Hu). (36)
This Lagrangian is easily evaluated in the Einstein gauge to
1√−gL =
1
2
R− 1
2
gµν∂µϕ∂νϕ− 3g
2
4
gµνBaµB
a
ν sinh
2 ϕ√
6
− 1
4
gµνgρσF aµρ(B)F
a
νσ(B)− V (φ, U−1Hu). (37)
Here the potential is taken to be the most general quadratic form (14) and is rewritten in the
E-gauge as
V (φ,H) = V (φ, U−1Hu) = V (φ,Hu) = λF (z)
[
sinh2
ϕ√
6
−G(z) cosh2 ϕ√
6
]2
, (38)
where z ≡ tanh ϕ√
6
. Then, with the boundary conditions (25) this potential takes the same
form as (26) in small field values so that when the Higgs field takes the vacuum expectation
value < h >= v, the non-abelain gauge field Bµ has the mass MB =
1
2
gv. Note that in the
non-abelain gauge field, the Higgs mass squared term depends on the inflaton field ϕ like
3g2
4
gµνBaµB
a
ν sinh
2 ϕ√
6
, so its physical property has a perfectly similar aspect to that in the
abelian gauge field.
6 Inflation
Based on our abelian gauge model, we will turn our attention to inflation. In particular,
we wish to ask ourselves if the abelian model accounts for the recent BICEP2 results or
not. It will turn out that the answer is not affirmative even if we consider a rather singular
potential in addition to a non-singular one since our model shares a common feature with the
Starobinsky inflation model [23].
As a first step, let us select a boundary condition in a large field limit
lim
z→1
F (z) = F (1) <∞, lim
z→1
G(z) = 1, (39)
where F (1) is a finite quantity. The second boundary condition G(1) = 1 is chosen in a such
way that our model does not lead to cyclic cosmology [15, 16].
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In the Einstein gauge, the most general quadratic potential (14) is written in a concise
form as
V (φ,H) =
λ
36
F (z)
[
2|H|2 −G(z)φ2
]2
= λF (z)
[
z2 −G(z)
z2 − 1
]2
, (40)
where z ≡
√
2|H|2
φ
= h
φ
= tanh ϕ√
6
. However, this concise expression turns out to be not
convenient for analysing cosmological parameters at large field values, so instead we will use
the following equivalent form of the potential
V (ϕ) = λF (tanh
ϕ√
6
) · sinh4 ϕ√
6
[
1−G(tanh ϕ√
6
) tanh−2
ϕ√
6
]2
. (41)
At large field values ϕ≫ 1, hyperbolic functions are approximated to
sinh
ϕ√
6
≃ 1
2
e
ϕ√
6 , tanh
ϕ√
6
≃ 1− 2e−
√
2
3
ϕ
(
1− e−
√
2
3
ϕ
)
. (42)
Next let us assume that F (x) and G(x) are analytic around x = 1. Then, for ϕ ≫ 1 we
obtain
F (tanh
ϕ√
6
) ≃ F (1)− 2F ′(1)e−
√
2
3
ϕ
(
1− e−
√
2
3
ϕ
)
,
G(tanh
ϕ√
6
) ≃ 1− 2G′(1)e−
√
2
3
ϕ
(
1− e−
√
2
3
ϕ
)
, (43)
where the boundary condition G(1) = 1 is used and F ′(x) ≡ dF (x)
dx
. Using these approximation
formulae holding at large field values, the potential (41) takes the form
V (ϕ) ≃ A
(
1−Be−
√
2
3
ϕ
)
, (44)
where we have defined
A =
λ
4
F (1) (G′(1)− 2)2 ,
B =
F ′(1)
F (1)
− 3G
′(1) + 2
G′(1)− 2 . (45)
Here we assume that both A and B are positive and G′(1) 6= 2.
The potential (44) yields the slow-roll parameters
ǫV ≡ 1
2
(
V,ϕ
V
)2
≃ B
2
3
e−2
√
2
3
ϕ,
ηV ≡ V,ϕϕ
V
≃ −2B
3
e−
√
2
3
ϕ, (46)
9
where V,ϕ ≡ dVdϕ and V,ϕϕ ≡ d
2V
dϕ2
. The number of e-folding can be evaluated to
N ≡
∫ ϕ
ϕe
dϕ
1√
2ǫV
≃ 3
2B
(
e
√
2
3
ϕ − e
√
2
3
ϕe
)
. (47)
The inflation ends when the slow-roll parameters are approximately the unity, ǫV (ϕe) = 1, so
we obtain e
√
2
3
ϕe = B√
3
. Then, we can derive the relation holding N ≫ 1
e
√
2
3
ϕ =
2BN
3
+
B√
3
≃ 2BN
3
. (48)
Using this relation (48), the slow-roll parameters can be expressed in terms of the number of
e-folding like
ǫV =
3
4N2
, ηV = − 1
N
. (49)
Then, the tensor-to-scalar ratio r and the spectral index ns are given by
r ≡ 16ǫV = 12
N2
, ns ≡ 1− 6ǫV + 2ηV ≃ 1− 2
N
, (50)
which are in a perfect agreement with the values obtained in the Starobinsky model [23].
Concretely, for N = 60, they take the values r ≃ 0.003 and ns ≃ 0.967, which do not coincide
with the BICEP2 results r ≃ 0.16 and ns ≃ 0.96.
So far, we have considered only analytic functions for F and G. One possible extension
is to consider non-analytic functions and check if they lead to the BICEP2 results or not.
A general treatment of non-analytic functions is not easy, but an instance turns out to be
enough to derive a general feature of the non-analytic functions.
Let us focus on an example of non-analytic functions such that
F (z) = 10− (1− zn)α, G(z) = v
2
6
+
(
1− v
2
6
)
zm, (51)
where 0 < α < 1. Note that these specific functions satisfy the boundary conditions (25) and
(39), but the derivatives of F at z = 1 diverge, F ′(1) =∞, F ′′(1) =∞, · · ·. Using a behavior
of F for ϕ≫ 1
F (ϕ) ≃ 10− (2n)αe−α
√
2
3
ϕ, (52)
the potential reads in a large field limit ϕ≫ 1
V (ϕ) ≃ 5λ
2
(m− 2)2
[
1− (2n)
α
10
e−α
√
2
3
ϕ
]
, (53)
where a term involving the factor e−α
√
2
3
ϕ in the non-analytic function F (ϕ) becomes more
dominant compared to terms including the factor e−
√
2
3
ϕ coming from hyperbolic functions
sinh ϕ√
6
and tanh ϕ√
6
.
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Along the same line of argument as in the potential (44), it is straightforward to derive
the slow-roll parameters and cosmological indices whose result is summarized as
ǫV =
3
4α2N2
, ηV = − 1
N
,
r =
12
α2N2
, ns = 1− 9
2α2N2
− 2
N
. (54)
As a remark, in deriving this result, there appears one subtle point to be checked carefully.
Namely, we have approximated the factor e−α
√
2
3
ϕ by the number of e-folding N through the
condition ǫV (ϕe) = 1 as
eα
√
2
3
ϕ =
(2n)αα2
15
N +
(2n)αα
10
√
3
≈ (2n)
αα2
15
N. (55)
The last approximation obviously depends on the size of α because of 0 < α < 1. We will
show the validity of this approximation shortly by taking numerical values concretely4.
In order to show that the result (54) does not match the BICEP2 experiment, let us
impose the condition r = 0.16 from the BICEP2 results. Then, we have ǫV = 0.01 owing to
the definition r = 16ǫV . Using the definition of the spectral index, ns ≡ 1 − 6ǫV + 2ηV and
the result ηV = − 1N in Eq. (54), for N = 60 the spectral index is given by ns = 0.91, which
does not coincide with the BICEP2 result ns = 0.96. Incidentally, using the result r =
12
α2N2
in Eq. (54), we can evaluate α =
√
3
12
, thereby making it possible to show (2n)
αα2
15
N ≫ (2n)αα
10
√
3
as promised in the above.
Alternatively, we can present the same conclusion by fixing the value of the spectral index
ns first, and then calculate the tensor-to-scalar ratio r. With the values ns = 0.96 from the
BICEP2 and N = 60, the tensor-to-scalar ratio r can be evaluated via Eq. (54) to r ≃ 0.027,
which is much smaller than the BICEP2 result r = 0.16.
At this stage, it is worthwhile to consider the role of the non-analytical functions in a
general framework. The point is that the non-analytical functions in general change the
coefficient in the exponential in the potential, that is, the exponential is changed from e−
√
2
3
ϕ
to e−aϕ where 0 < a <
√
2
3
. Thus, in order to show that general non-analytic functions do
not reproduce the BICEP2 results, it is sufficient to consider a general potential in a large
4Of course, we can derive the similar result without using the approximation (55). Then, the expressions
in Eq. (54) take more complicated forms
ǫV =
3
4
(
αN +
√
3
2
)2 , ηV = − α
αN +
√
3
2
,
r =
12(
αN +
√
3
2
)2 , ns = 1− 9
2
(
αN +
√
3
2
)2 − 2α
αN +
√
3
2
. (56)
11
field limit ϕ≫ 1
V (ϕ) = V0
(
1− ce−aϕ
)
, (57)
where both V0 and c are positive. It is easy to see that this more general potential produces
the same result as (54) in the more specific potential (53).
7 Conclusion
In this article, we have investigated a locally scale-invariant theory which describes the cou-
pling of gravity and the standard model in detail. After constructing an abelian gauge model,
it is shown that this model exhibits a peculiar feature of a coupling between the gauge field
and the inflaton in large field values while it describes the standard model coupled to general
relativity in small field values. Moreover, we have extended the abelian model to non-Abelian
gauge groups. It is also straightforward to generalize our model to the case of multi-component
scalar fields.
We have also discussed a possibility that our model could explain the recent BICEP2
results, but we have shown that it is very difficult to do so even if we take into consideration
non-analytic types of the potential. This fact is naturally understood since our model shares
many of physical properties with the Starobinsky R2 inflation model [23].
One interesting direction of future work is to spell out effects on the reheating coming
from the coupling between the gauge field and the inflaton [22]. Another future problem is
to clarify quantum effects in our model along our previous study [24]. The latter problem
is very important since we have to show that the running coupling constant λ(µ) could take
the value λ = O(0.1) at the TeV scale to make our model to be consistent with the standard
model. We wish to return these problems in near future.
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